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The plasmon-enhanced second harmonic generation in the subwavelength neutral metal cubic
nanoparticles is calculated for the first time in the hydrodynamic and cold plasma approximations.
The theory is developed that takes into account all singularities of the electromagnetic field at the
cubic nanoparticle surface. The results are compared to the linear case for the nanocube and to
those for a spherical nanoparticle. In the latter case, they demonstrate very strong enhancement of
the local field strength and the second harmonic signal.
PACS numbers: 36.40.Gk, 42.65.Ky, 52.38.Dx, 73.22.Lp
Introduction. – The nonlinear optical properties of
subwavelength metal nanoparticles and, in particular,
the second harmonic generation are attracting a rapidly
growing interest. A lot of effort was directed to the case
of spherical and spheroidal nanoparticles, both theoreti-
cally [1–11] and experimentally [12–18], while much less
attention was paid so far to the case of non-spherical
nanoparticles, perhaps because of complexity of the prob-
lem [19–23]. For example, a lot of papers (see [24] and ref-
erences therein) are devoted to studying linear plasmons
in cubic metal nanoparticles, but there is no correspond-
ing investigations of the nonlinear optical properties of
cubic nanoparticles and, in particular, the laser induced
plasmon-assisted second harmonic generation (SHG). It
is worth mentioning a thrust in using high-Z (Sn) plasma
[25] and the charged metal particles [23, 26] for high-
harmonic generation that may be used in EUV lithogra-
phy and other applications by way of stripping electrons
by laser with their subsequent recapture by the charged
ion or the metal particle. Here, we are not interested
in multiple ionization regime and will assume that the
particles remain neutral at all times. In practice, this
corresponds to laser power below some 10 GW/cm2 [23].
The purpose of this work is to investigate the SHG in
ideal cubic nanoparticles with free electrons both in far-
field and in the near-field and to compare it with the
spherical case.
Model. – The basic method for calculating the
low order harmonic generation in the subwavelength
metal nanoparticles of arbitrary shape was published in
Refs. [24, 27, 28]. Using the perturbation theory with re-
spect to the incident laser field [24, 27, 28], we start from
the dimensionless equations for the first-order corrections
to the respective quantities defining the alternating elec-
tromagnetic field inside the subwavelength neutral metal
nanoparticle within the charge compensation approxima-
tion (CCA) where the static (zeroth-order) component of
the electric field inside the nanoparticle including its nar-
row boundary vanishes identically (E0 ≡ 0). Introducing
the dimensionless coordinates as ρ = r/a with a the cube
edge length, and reducing the electron density by divid-
ing it by zinion, where zi is the mean ionic charge and
nion is the reference bulk ion density of the nanoparticle
substance, these equations read as
i(N0 − ω˜
2 − iγω˜)E1 + iN0EL
ω˜2 + iγω˜
= curlh1 , (1a)
E1 = −∇ϕ1 , divh1 = 0 . (1b)
The expression N1 = ∇
2ϕ1 determines the linear cor-
rection to the electron density, while N0 defines the
static (equilibrium) electron density distribution in the
nanoparticle when the laser field is off. Equations (1a)–
(1b) are the four first-order differential equations for four
quantities, that is for three components of the mag-
netic vector function h1 and the scalar potential ϕ1.
In these equations, ω˜ = ω/ωp is the reduced laser fre-
quency with respect to the bulk plasma frequency ωp =√
4πe2zinion/me with me and e the electron mass and
charge, respectively, γ the dimensionless phenomenolog-
ical damping constant and EL = EL/E0 the reduced
laser electric field amplitude, with E0 = 4πeziniona.
Note that E0 ∼ 10
10 V/cm at typical values zi ∼ 1,
nion ∼ 10
22 cm−3 and a ∼ 10 nm, so in our con-
ditions EL is always extremely small with respect to
unity. All components of the induced electromagnetic
field inside the nanoparticle, the harmonic amplitudes
En andHn with n = 1, 2 . . . are normalized by the same
way. Besides, magnetic vector function hn is defined as
hn =Hn/(ωa/c), with c the speed of light and ωa/c the
dipole approximation applicability parameter that should
be much less than unity for the subwavelength nanopar-
ticles. In the above equations, the induced magnetic field
inside the nanoparticle that enters through the magnetic
vector function neither can be eliminated nor neglected,
so even in the dipole approximation for subwavelength
nanoparticles this can not be reduced to the standard
case of the electrostatic approximation.
2The case of linear scattering and absorption of the
laser field by cubic and parallelepiped-like nanoparticles
in the framework of the developed model was considered
in detail in Ref. [24]. The solution of the first-order equa-
tions should be used as the source term in the second-
order equations, which are written as
i(N0 − 4ω˜
2 − 2iγω˜)E2
(2ω˜2 + iγω˜)
=
iω˜2V 2
N20 (2ω˜
2 + iγω˜)
+ curlh2 ,
(2a)
E2 = −∇ϕ2 , divh2 = 0 , (2b)
with
V2α = −
(
−i+
γ
ω˜
)
2q1αN0N1 −N0
∂(q1αq1β)
∂ρβ
+ q1αq1β
∂N0
∂ρβ
− 3
E0α
ω˜2
N0N
2
1 − 3
E1α + ELα
ω˜2
N
2
0N1 (3)
and
q1 =
N0 (E1 + EL)
i (ω˜2 + iγω˜)
. (4)
Here, the equation ∇2ϕ2 = N2 holds for the second-order
correction to the electron density.
Generally, the boundary conditions to these equations
read as
1
4πǫn
∮
dS′
{
[ϕn(ρ
′)− ϕn(ρ)]
ρ− ρ′
|ρ− ρ′|3
−
∇ϕn(ρ
′)
|ρ− ρ′|
}
= ϕn(ρ)− δ1n
ǫ1 − 1
ǫ1 + 2
(EL · ρ) (5)
and
hn(ρ) +
1
4π
∮
[(ρ− ρ′)× [dS′ × (hn(ρ
′)− hn(ρ))]]
|ρ− ρ′|3
−
∮ [
dS′ × curlhn(ρ
′)
]
4π|ρ− ρ′|
−
1
4π
∫
d3ρ′ [hnβ(ρ
′)− hnβ(ρ)]
×
3(ρ− ρ′)α(ρ− ρ
′)β − δαβ |ρ− ρ
′|2
|ρ− ρ′|5
= 0 , (6)
where n is the order of nonlinearity and ǫn = ǫ(nω) is
the dielectric permittivity of the surrounding medium on
the nth-order laser harmonic frequency. However, in this
specific form these boundary conditions are applicable
only to the nanoparticles with diffuse surface, when all
the quantities including the ion density vary smoothly
at the narrow nanoparticle surface. This program was
realized for the calculation of the nonlinear properties of
metallic spherical nanoparticles in Refs. 27 and 28. But
in the opposite limiting case of the sharp nanoparticle
boundary, which we consider here for the cubic nanopar-
ticles, the step-like static electron density N0(ρ) is equal
to one or zero inside or outside the nanoparticle, respec-
tively. In this case, additional boundary conditions fol-
lowing immediately from Eqs. (1a) and (1b) or Eqs. (2a)
and (2b), respectively, for n = 1 or n = 2 in our case
should be taken into consideration to allow for the step-
like and higher singularities in the quantities ∇ϕn and
curlhn at the sharp nanoparticle surface. In the lin-
ear case, it follows from Eqs. (1a) and (1b) that due to
steplike discontinuity of the static electron density N0 at
the sharp nanoparticle surface, the steplike discontinu-
ities should be also present for some components of E1
and curlh1, while ϕ1 and h1 are themselves continuous.
Here, the first-order electron density correction N1 has
the δ-function type singularity at the nanoparticle sur-
face. On the other hand, the steplike discontinuities for
some components of E1 and the singularity of N1 gener-
ate the δ-function type singularity in function V2, which
plays the role of the source term in the second-order equa-
tions (2a) and (2b). In turn, it generates the δ-function
type singularities in some components of E2 and curlh2,
and, as a consequence, the steplike discontinuities in ϕ2
and some components of h2. All this should be taken
into account in the calculations with the details to be
described elsewhere.
The second-order near electric field can be calculated
through the second-order electric potential outside the
nanoparticle,
ϕn(ρ) = −
1
4πǫn
∫
d3ρ′
Nn(ρ
′)
|ρ− ρ′|
= −
1
4πǫn
∫
d3ρ′
∇2ϕn(ρ
′)
|ρ− ρ′|
=
1
4πǫn
∮
dS′
(
ϕn
ρ− ρ′
|ρ− ρ′|3
−
1
|ρ− ρ′|
∇ϕn
)
, (7)
as E2 = −∇ϕ2.
For the far-field calculations, the nanoparticle dipole
moment for the nth-order harmonic can be calculated as
dnα = −
∫
ραNn
d3ρ
4π
= −
∫
ρα∇
2ϕn
d3ρ
4π
=
1
4π
∮
{ϕn dSα − ρα(dS ·∇)ϕn} , (8)
where the integration is taken over the outer nanoparti-
cle boundary. The intensity In of the radiation scattered
due to the induced dipole at the nth-order harmonic fre-
quency nω is defined by the corresponding dipole moment
and is given as
In ∼ (nω)
4|dn|
2. (9)
However, it defines both the scattering and the absorb-
ing properties of the cubic nanoparticles only for odd har-
monics including the linear case at n = 1, due to the sym-
metry properties. For the second harmonic, the dipole
scattering intensity vanishes, and it can be used only
for testing the calculation code. Thus, for the second-
harmonic the scattered intensity is defined by the induced
quadrupole moment of the nanoparticle. The dimension-
less second-order quadrupole tensor Q2αβ , which is de-
fined in direct analogy with Eq. (8) for the nth-order
3dipole moment, is given by
Q2αβ = −
∫
(3ραρβ − ρ
2δαβ)N2
d3ρ
4π
= −
∫
(3ραρβ − ρ
2δαβ)∇
2ϕ2
d3ρ
4π
=
1
4π
∮
{ϕ2[3ραdSβ + 3ρβdSα − 2(ρ · dS)δαβ ]
− (3ραρβ − ρ
2δαβ)(dS ·∇)ϕ2} . (10)
The mean power P
(Q)
2 of quadrupole second-harmonic
generation is defined by the dimensionless quadrupole
tensor Q2αβ and is given as
P
(Q)
2 ∼ (2ω)
6|Q2αβ|
2 , (11)
with the quadratic dependence on the incident laser wave
intensity. The right-hand side of Eq. (11) completely de-
termines the frequency dependence of SHG. The results
for these dependencies will be presented next.
Numerical results. – The calculations for the cu-
bic nanoparticles have been performed on the three-
dimensional uniform grid with up to 42 × 42× 42 nodal
points to get a fair convergence for the second harmonic
case, and a good convergence for the linear case, with
the whole cube located at −0.5 ≤ ρx, ρy, ρz ≤ 0.5 in the
reduced coordinate variables. In this case, the first-order
electric potential and three magnetic field components in
the cube bulk were given on the cubic grid points them-
selves, on the vertices of the cubic grid unit cells, while
three outside surface electric field components were given
on the centers of the cubic grid cell faces on the whole
cube surface. All these quantities constitute the com-
plete set of first-order variables, which satisfy a closed
set of field equations together with the boundary condi-
tions for a cube. The second-order variables are defined
similarly, but in this case the number of variables some-
what increases due to necessity to introduce two sets of
the surface variables for the second-order electric poten-
tial and some magnetic field components due to their
discontinuity on the steplike surface of the nanoparticle.
The calculations were performed for both the far-field
and the near-field output quantities for the second har-
monic. We present the results for the far-field in the
vacuum in Fig. 1, while the results for the electric near-
field are given in Fig. 2 and Fig. 3. The power of the
second harmonic scattered by the nanoparticles versus
the laser frequency is presented in the normal scale in
the right panel of Fig. 1, with the dominant resonance
peak located at ω ≈ 0.73ωp. In the left panel of Fig. 1,
we present the detailed structure of the frequency depen-
dence of the scattered second-harmonic power, together
with the corresponding results for the linear light scat-
tering by the cubic nanoparticles obtained in the same
calculations. Also, the results for both the linear scatter-
ing and the second harmonic generation in the spherical
nanoparticle of the same volume are shown in this figure
for comparison.
First of all, let us note that the asymptotic behavior
of the second harmonic power for an ideal cube and for
a sphere of the same volume coincide both at low and at
high laser frequencies (with respect to the Mie plasmon
frequency in a sphere at ω/ωp ≈ 0.577 that corresponds
to the strongest peak on the dash-dotted curves). Then,
the SHG power in an ideal cube is generally much larger
than in a sphere for the mid-range frequencies, especially
in the range of the spherical Mie plasmon resonance with
a broad maximum on a logarithmic scale shifted to the
higher frequencies, where we observe the dominant nar-
row resonance peak at ω ≈ 0.73ωp. It is in variance with
a linear case, where the linear Mie plasmon resonance
in a sphere dominates over scattering power in a cube.
Note also that the dominant resonance peak in the SHG
power in a cube corresponds to some resonance peak in
the linear light scattering, which is a relatively weak and
does not belong to three largest peaks in the linear light
scattering in a cube [24]. On the other hand, the SHG
powers in a sphere and in a cube are comparable in the
range of the quadrupole resonance in SHG in a sphere
that corresponds to the left peak on the dash-double-
dotted curve in the left panel of Fig. 1, while it exhibits
more complex resonance structure.
We present the results on laser frequency dependence
of the normalized (not dependent on the incident laser
field) amplitudes of the total electric near-field com-
ponents corresponding to both the linear response [for
(E1 + EL)/EL] and the second harmonic generation [for
E2/E
2
L] for ideal cubic nanoparticles in vacuum (thick and
thin solid curves, respectively, in Figure 2) at the point
just above the center of the top cube face (at ρx = 0.6,
ρy = ρz = 0, the left panel), and just to the left of the
center of the left cube side (at ρy = −0.6, ρx = ρz = 0,
the right panel). The laser electric field is assumed to
be directed vertically, along the x-axis. For compari-
son, similar results for spherical nanoparticles of the same
volume (dash-double-dotted and dash-dotted curves) are
also presented in both panels of Fig. 2. Note first of all
that if in the first case (the left panel of Fig. 2) both the
linear response field and the second-harmonic field are di-
rected along the x-axis (the direction of the laser electric
field), in the second case (the right panel of Fig. 2) the
electric field of the second harmonic is directed perpen-
dicular to it and the corresponding cube face, while the
linear response field is still parallel to the laser electric
field. This fact validates the dipole character of the linear
response field and the quadrupole character of the field
of the second harmonic. Secondly, note that the laser
frequency dependencies of the second harmonic electric
field in both cases (the left and the right panels of Fig. 2)
are quite similar, with the dominant resonance peak at
ω ≈ 0.73ωp, as was the case for the far-field second har-
monic power in Fig. 1. Generally, the second harmonic
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FIG. 1. (Color online) The left panel: the laser frequency dependence in the log-scale of the normalized linear scattering
power and the second harmonic power for ideal cubic nanoparticle in vacuum (thick and thin solid curves, respectively)
as compared with a spherical one of the same volume (dash-double-dotted and dash-dotted curves). The right panel: the
frequency dependence of the second harmonic power for the cube in vacuum in the normal scale. For the cube, the electric field
amplitude of the incident linear-polarized laser wave is directed along the cube axis perpendicularly to its facets. The damping
constant is γ = 0.03.
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
10-4
10-3
10-2
10-1
100
101
102
103
104
105
106
 |E(2)x|/EL
2
 |E(1)x + EL|/EL
R
el
at
iv
e 
el
ec
tri
c 
ne
ar
-fi
el
d
/ p
 |E(2)x|/EL
2
 |E(1)x + EL|/EL
E(1,2) || ex
(a)
Cube Sphere
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
10-4
10-3
10-2
10-1
100
101
102
103
104
105
106
 |E(2)y|/EL
2
 |E(1)x + EL|/EL
E(2) || ey
R
el
at
iv
e 
el
ec
tri
c 
ne
ar
-fi
el
d
/ p
 |E(2)y|/EL
2
 |E(1)x + EL|/EL
E(1) || ex
(b)
Cube Sphere
FIG. 2. (Color online) The left panel: the laser frequency dependence of the normalized amplitudes of the total electric
near-field components corresponding to the linear response and the second harmonic generation for ideal cubic nanoparticle
in vacuum (thick and thin solid curves, respectively) just above the center of the top cube face (at ρx = 0.6, ρy = ρz = 0)
oriented perpendicularly to the laser electric field directed vertically along the x-axis, as compared with the same for a spherical
nanoparticle of the same volume (dash-double-dotted and dash-dotted curves). The right panel: the same just to the left of
the center of the left cube side (at ρy = −0.6, ρx = ρz = 0) oriented in parallel to the laser electric field directed vertically
along the x-axis. The damping constant is γ = 0.03.
field near the cube is higher than near the sphere al-
though it is not the case for high frequency asymptotic
range.
In Figure 3, the laser frequency dependencies of the
normalized amplitudes of total electric near-field com-
ponents corresponding to the linear response and the
SHG are presented for ideal cubic nanoparticles in vac-
uum (thick and thin solid curves, respectively) just near
the vertex of the cube along the cube diagonal (at ρx =
ρz = 0.558, ρy = −0.558). The laser electric field is
directed vertically along the x-axis, and the comparison
with the same for spherical nanoparticles of the same
volume (dash-double-dotted and dash-dotted curves) is
given again. The results for the x-components are given
in the left panel of Fig. 3, while the right panel exhibits
the results for y- and z-components of the total elec-
tric near-field corresponding to the linear response and
the second harmonic generation. The main difference of
this case from the previous one in Fig. 2 is the near-field
resonance with two dominant peaks (originating from
double-split broad maxima) located at ω/ωp ≈ 0.43 and
ω/ωp ≈ 0.49. Note that those peaks are also present in
the far-field in Fig. 1 and in the near-field cases, Fig. 2,
but they are not dominant. On the other hand, the reso-
nance at ω ≈ 0.73ωp is also present in the case of Fig. 3,
but not as the dominant one. Besides, it should be noted
that in this case there is much more noticeable difference
between the cube and the sphere with strong increase
of the second harmonic field near the cube with respect
to that near the sphere of the same volume. It can be
connected with the point position near the cube vertex
chosen for the results presented in Fig. 3 that can result
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FIG. 3. (Color online) The left panel: the laser frequency dependence of the normalized amplitudes of the x-component of the
total electric near-field corresponding to the linear response and the second harmonic generation for ideal cubic nanoparticle in
vacuum (thick and thin solid curves, respectively) just near the vertex of the cube along the cube diagonal (at ρx = ρz = 0.558,
ρy = −0.558), with the laser electric field directed vertically along the x-axis, as compared with the same for a spherical
nanoparticle of the same volume (dash-double-dotted and dash-dotted curves). The right panel: the same for the normalized
amplitudes of the y- and z-components of the total electric near-field corresponding to the linear response and the second
harmonic generation, with the laser electric field directed vertically along the x-axis. The damping constant is γ = 0.03.
in the field increasing with respect to the case of sphere
with a smooth surface.
Conclusions. – The theory of the laser-assisted second
harmonic generation in non-spherical nanoparticles with
free electrons was developed and used to calculate the
second harmonic both in the far-field and in the near-
field versus the laser frequency in subwavelength cubic
metal nanoparticles with steplike surface. The results
have been compared with the linear response field as
well as with the same results for a spherical nanoparticle.
They show that the second harmonic in cubic nanoparti-
cles is generally much more intense as compared with the
SHG in spherical nanoparticles of the same volume. The
dominant resonance frequencies were determined, which
for the second harmonic correlate well with those for the
linear response case. It is also shown that for the near
field the dominant resonance frequencies can be different
depending on the position near the nanoparticle.
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